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D EFGHIJKLGMIF
NOP QPRSTU V WXT YPRZP[ZU QPRST \]^ ST]WRZQ_`\[ QPRST V \RT ]TSTUU\Ra WP Tbc[\Z]
WXT dTX\eZPR PQ f \UUTU fPeZ]` QRTT[a Z] \ QR\f T PQ RTQTRT]ST OXZSX RPW\WTU \W
SP]UW\]W UcTT^ g h] c\RWZS_[\R V WXT YPRZP[ZU QPRST S\] dT UW_^ZT^ Z] ZUP[\WZP]
WP ^TWTRf Z]T ZWU RT[\WZP] WP WXT cRTUU_RT `R\^ZT]W QPRST Z] WXT i\RWX jU \WfPk
UcXTRT V \fP]` PWXTR QPRSTU V \]^ XT]ST ZWU RP[T Z] ^TWTRf Z]Z]` WXT O Z]^ lT[^
dPWX O ZWX \]^ O ZWXP_W UZ`]ZlS\]W QRZSWZP]\[ QPRSTU g NXT QP[[PO Z]` UTSWZP]U O Z[[
WRa WP \]\[amT Z]WTRTUWZ]` SP]UTn_T]STU PQ WXT YPRZP[ZU QPRST Z] dPWX Z^T\[ZmT^
\]^ \WfPUcXTRZS UTWWZ]`U \]^ Z]eTUWZ`\WT ZWU Z]WTR\SWZP] O ZWX PWXTR QPRSTU U_SX
\U QRZSWZP] g

o pqr sHMt sFG u EFsHGMvw xMHLwsy
NXT `P\[ PQ WX ZU Tbc TRZf T]W O\U WP ^TfP]UWR\WT WXT YPRZP [ZU TzTSW P] \ d\[[
d T\RZ]` Z] \ RPW\WZ]` QR\f T g { ]T\R[a QRZSWZP][TUU dT\RZ]` O\U c [\ST^ P] \
c\R\dP[ZS W\d[T RPW\WZ]` \W U_SX \ UcTT^ WX\W WXT ST]WRZQ_`\[ QPRST \]^ `R\eZWa
P] WXT d\[[ S\]ST[[T^ T\SX PWXTR P_W V [T\eZ]` WXT d\[[ \W RTUW Z] WXT RPW\WZ]`
QR\f T PQ WXT W\d[T g NXT d\[[ d T\RZ]` O\U WXT] ^T|TSWT^ R\^Z\[[a Z]O\R^ WPO\R^
WXT ST]WTR PQ WXT W\d[T OXZ[T \ RPW\WZ]` S\f TR\ \dPeT S\cW_RT^ ZWU f PWZP] Z]
WXT RPW\WZ]` QR\f T PQ RTQTRT]ST g NXZU f PWZP] O\U WR\S}T^ _UZ]` UPQWO\RT WP
TfcZRZS\[[a eTRZQa WXT WXTPRa WX\W Z] WXT RPW\WZ]` QR\f T V WXT d\[[ dT\RZ]` OP_[^
QP[[PO \ SZRS_[\R c\WX \U WXT YPRZP[ZU QPRST ^T|TSWT^ ZWU f PWZP] RZ`XWO\R^ g

~
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� Z`_RT ~� NPc \]^ UZ^T eZTO U PQ WXT RPW\WZ]` c\R\dP[ZS W\d[T _UT^ Z] WXT TbcTRk
Zf T]W g
� �� ������
hf \`Z]T \ f \UU fPeZ]` Z] \ c\R\dP[ZS QR\f T RPW\WZ]` O ZWX \]`_[\R eT[P SZWa

Ω
V Z]

OXZSX WXT f\UU X\U cPUZWZP]
r
RT[\WZeT WP WXT ST]WTR \]^ eT[PSZWZTU

uin
\]^

urotZ] WXT Z]TRWZ\[ \]^ RPW\WZ]` QR\f TU PQ RTQTRT]ST V RTUcTSWZeT[ag NXT WOP eT[P SZWZTU
\RT RT[\WT^ da

uin = urot +Ω× r
V OXTRT WXT TbWR\ WTRf ZU UZfc[a WXT RPW\WZP]\[

eT[P SZWa PQ \ cPZ]W P] WXT W\d[T ZWUT[Q g �T]ST ZQ
r
ZU WXT cPUZWZP] PQ WXT f \UU Z]

WXT Z]TRWZ\[ QR\f T V OT X\eT (

duin

dt

)

in
=

(

d
dt

)

in
(urot +Ω× r)

g �_W WXT ^TRZe\WZeT
Z] WXT Z]TRWZ\[ QR\f T X\U \] TbWR\ Q\SWPR Z]eP[eZ]` \ SRPUU cRP^_SW O ZWX

Ω
WP

\SSP_]W QPR WXT RPW\WZP] PQ WXT U_RQ\ST V UP OT l]^ \QWTR UPf T UZfc[ZlS\WZP]
WX\W WXT \SST[TR\WZP] PQ WXT f \UU Z] WXT Z]TRWZ\[ \]^ RPW\WZP]\[ QR\f TU ^ZzTRU \U
QP[[PO U �

(

duin

dt

)

in

−
(

durot

dt

)

rot

= (2Ω × urot) + (Ω × Ω× r)

hQ WXT f \UU ZU Z] fPWZP] Z] WXZU RPW\WZ]` QR\fT V \]^ ZQ OT U_ccPUT WX\W
`R\eZWa \SWU P] WXT f \UU \U

−gẑ
d_W QRZSWZP] ZU ]T`[Z`Zd[T V WXT] OT S\] WXT]

\cc[a �TOWP] jU UTSP]^ [\O V (duin

dt

)

in
=

∑

QPRSTf \UU = −gẑ
V Z] WXT Z]TRWZ\[ QR\f T WP

`TW (

durot

dt

)

rot
= −2Ω×urot−Ω×Ω×r−gẑ

g �_W ZQ WXT c\R\dP[ZS U_RQ\ST ZU UW\d[T�Z gT g Z] \ UW\WT PQ Tn_Z[ZdRZ_f � \]^ \ f \UU ZU c[\ST^ P] ZW \W RTUW Z] WXT RPW\WZ]`
QR\f T V WXT] ZW UXP_ [^ d T \d[T WP RTf \Z] \W RTUW WXTRT V � _ UW [Z}T WXT SPRRTUcP]^Z]`
c\RWZS[TU P] WXT U_RQ\ST ZWUT[Q � WXZU UZW_\WZP] f \}TU \[[ WTRf U Z]eP[eZ]`

urot
Z]

WX ZU Tn_\WZP] Tn_\[ WP mTRP V UP OT SP]S[_^T WX\W
−Ω×Ω× r− gẑ = 0

\]^ XT]ST
(

durot

dt

)

rot
= −2Ω× urot

g

�



v−ε ����

z

x

y

−g

�Z`_RT � � NXT QPRSTU \SWZ]` P] WXT f \UU ZQ ZWU eT[P SZWa ZU Z] WXT
y
k^ZRTSWZP] g

{ UU_f Z]` \`\Z] WX\W WXT U_RQ\ST ZU f PRT PR [TUU |\W \W \]a `ZeT] cPZ]W V OT
S\] dRT\} WXT RPW\WZP]\[ eT[P SZWa Z]WP SPfcP]T]WU \U

urot = (u, v, 0)
g NXT]

OT `TW WXT UaUWTf PQ ^ZzTRT]WZ\[ Tn_\WZP]U du
dt = 2Ωv, dv

dt = 2Ωu
V OXZSX X\U

UP[_WZP]
u(t) = A cos(2Ωt) + B sin(2Ωt)

\]^
v(t) = B cos(2Ωt) − A sin(2Ωt)QPR UPf T SP]UW\]WU

A
\]^

B
g �T f\a cZS} SPPR^Z]\WTU UP WX\W WXT Z]ZWZ\[

eT[P SZWa ZU T]WZRT[a Z] WXT
v
k^ZRTSWZP] � ZQ WXZU eT[P SZWa ZU

v0
V WXT] OT X\eT

u(t) =
v0 sin(2Ωt)

\]^
v(t) = v0 cos(2Ωt)

g �TWWZ]` WXT Z]ZWZ\[ SPPR^Z]\WTU PQ WXT f\UU
O ZWXZ] WXT RPW\WZ]` QR\f T dT

(x0, y0)
V WXT cPUZWZP] PQ WXT f \UU \W WZf T

t
ZU WXT]

(

x0 + v0

2Ω(1 − cos(2Ωt)), y0 + v0

2Ω sin(2Ωt)
) g h] c\RWZS_[\R V OT S\] SP]S[_^T WX\W

WXT f \UU X\U SP]UW\]W S[P S}O ZUT SZRS_[\R fPWZP] O ZWX cTRZP^ π
Ω

V Tb\SW[a X\[Q WXT
c TRZP^ PQ RPW\WZP] PQ WXT W\d[T ZWUT[Q �]\f T[aV 2π

Ω

� g NX_U WXT f \UU SPfc[TWTU WOP
SZRS_[\R c\WXU V T\SX PQ R\^Z_U v0

2Ω

V QPR TeTRa SPfc[TWT RPW\WZP] PQ WXT W\d[T g
� �� ������  �¡¢£¤ ��¥¦ ¤¢¥
NXT c\R\dP[ZS W\d[T RPW\WT^ \W \ UcTT^ PQ eTRa ]T\R[a

Ω = π
2 ≈ 1.57

R\^Z\]U c TR
UTSP]^ V WXP_`X WXZU ]_fdTR e\RZT^ U[Z`XW[a WP \U XZ`X \U ~g§ g �T]ST WXT cTRZP^PQ WXT RPW\WZ]` QR\f T ZU \dP_W ¨ g© UTSP]^U g

� Z`_RT ª ^ZUc[\aU WXT c\WX PQ \ c TRW_RdT^ d\[[ fPeZ]` Z] WXT RPW\WZ]` QR\f T
QPR ]T\R[a ~� UTSP]^U g NXT d\[[ ZU UTT] WP fPeT Z] ^\fcT^ S[P S}O ZUT SZRS[TU OXPUTR\^ZZ ^TSRT\UT eTRa ]T\R[a [Z]T\R[a O ZWX WZf T g NXT ^Z\fTWTRU PQ WXT P_WTRfPUW
\]^ Z]]TRfPUW SZRS[TU \RT \dP_W © g~« ~f \]^ © g©¬«¨f V RTUc TSWZeT[a � WXTUT \RT QP_R
c TRZP^U \c\RW V UP OT S\[S_[\WT WX\W WXT R\^Z_ U ^TSRT\UTU da \dP_W .191

f
−.0894

f
2 ≈

.051
f PeTR WXT SP_RUT PQ WXTUT QP_R RTeP[_WZP]U g
�T S\] Tbc[\Z] WXZU ^TSRT\UT Z] R\^Z_ U da RTeZUZ]` WXT WXTPRa PQ WXT cRTeZP_U

UTSWZP] WP \SSP_]W QPR QRZSWZP] dTWOTT] WXT d\[[ \]^ WXT W\d[T g NXZU QPRST UXP_[^
d T cRPcPRWZP]\[ WP WXT d\[[ jU eT[P SZWa Z] WXT RPW\WZP]\[ QR\fT V UZ]ST ZW PccPUTU WXT
d\[[ jU f PWZP] V UP OT f\a n_\]WZQa ZW \U

−εurot
QPR UPf T ]P]]T`\WZeT SP]UW\]W

ε
g NXZU SX\]`TU WXT ^ZzTRT]WZ\[ Tn_\WZP] ^TUSRZdZ]` WXT fPWZP] WP(durot

dt

)

rot
=

−2Ω× urot − εurot
V \]^ ZQ OT \`\Z] [TW

urot = (u, v, 0)
V WXT] OT `TW WXT UaUWTf

PQ [Z]T\R lRUWkPR^TR ^ZzTRT]WZ\[ Tn_\WZP]U
(

u′

v′

)

=

(

−ε 2Ω
−2Ω −ε

) (

u

v

)

ª
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Position (m)

Trajectory of the perturbed ball

(x, y)

�Z`_RT ª � NXT WR\� TSWPRa PQ \ d\[[ c TRW_RdT^ WPO\R^ WXT ST]WTR PQ WXT QR\f T g

OXZSX S\] dT UP[eT^ O ZWX UPf T [Z]T\R \[`TdR\ � NXT TZ`T]e\[_TU PQ WXT SPT SZT]W
f \WRZb \RT

−ε + 2Ωi
\]^

−ε − 2Ωi
V O ZWX TZ`T]eTSWPRU (

1
i

) \]^ (

1
−i

) V
RTUcTSWZeT[aV UP WXT UP[_WZP] ZU PQ WXT QPRf

u(t) = Ae(−ε+2Ωi)t + Be(−ε−2Ωi)t V
v(t) = Aie(−ε+2Ωi)t − Bie(−ε−2Ωi)t QPR UPf T SP]UW\]WU A

\]^
B
g hQ OT \UU_f T

WXT SPPR^Z]\WT \bTU \RT RPW\WT^ UP WX\W
u(0) = 0

V PR Z] PWXTR OPR^U WXT f \UU jU
Z] ZWZ\[ f PWZP] ZU eTRWZS\[ V WXT] OT `TW

A + B = 0
g �_W WXT Z]ZWZ\[ eT[P SZWa

vo
ZU

WXT] Tn_\[ WP
v(0) = 2Ai

V UP OT f \a UZfc[ZQa WP `TW

u(t) = v0e
−εt sin(2Ωt), v(t) = v0e

−εt cos(2Ωt)

OXZSX X\U \ UP[_WZP] PQ WXT QPRf

(

x(t)
y(t)

)

=
v0e

−εt

√
ε2 + 4Ω2

(

− cos(2Ωt − φ)
sin(2Ωt − φ)

)

+ C

QPR
φ = tan−1

(

ε
2Ω

) \]^ UPf T SP]UW\]W
C
g �PWT WX\W OXT]

ε = 0
V Z gT g WXTRT ZU

]P QRZSWZP] V OT \[UP X\eT
φ = 0

\]^ WXZU UP[_WZP] `ZeTU \] Z^T]WZS\[ RTU_[W WP WXT
P]T ^TRZeT^ Z] WXT QRZSWZP] S\UT g

{ U dTQPRT V OT UTT WX\W WXT f\UU QP [[PO U \ S[P S}O ZUT SZRS_[\R c\WX O ZWX cTRZP^
π
Ω

�X\[Q WXT c TRZP^ PQ WXT U_RQ\ST ZWUT[Q � V d_W OT ]PWT ]PO WX\W WXZU c\WX ZU
^\fcT^ da QRZSWZP] g �TS\_UT PQ WXT ^\fcZ]` Q\SWPR

e−εt V OT UXP_[^ TbcTSW WPUTT WXT R\^ZZ PQ WXTUT SZRS[TU ^TSRT\UT da \ SP]UW\]W Q\SWPR PQ
e−επ/Ω Z] T\SX

cTRZP^ g NXZU ZU Tn_\[ WP
e−kεπ/Ω PeTR \ WPW\[ PQ

k
cTRZP^U V \]^ ZQ επ

Ω � 1
V OT

¨



f\a \ccRPb Zf \WT WXZU Q\SWPR WP lRUW PR^TR eTRa \SS_R\WT[a \U
1 −

(

επ
Ω

)

k
� XT]ST

OXT] επ
Ω

ZU eTRa Uf \[[ �\U Z] \ ]T\R[a QRZSWZP][TUU d\[[ dT\RZ]`� WXT R\^Z_U UXP_[^
^TSRT\UT [Z]T\R[a da \dP_W επ

Ω

WZf TU WXT PRZ` Z]\[ R\^Z_U cTR cTRZP^ g
�TWWZ]`

r0
^T]PWT WXT Z]ZWZ\[ R\^Z_U V OT f \a TUWZf \WT 4επ

Ω r0 ≈ .191
f

−.0894
f

2 ≈
.051

f g NXT fPWZP] S\cW_RT^ Z] WXZU ^\W\ SP]W\Z]U \[[ d_W WXT lRUW SPfc[TWT SZRk
S[T \W WXT dT`Z]]Z]` PQ WXT d\[[ jU c\WX V UP OT S\] \UU_f T WXT PRZ` Z]\[ R\^Z_U
O\U

r0 ≈ (.191 + 1
4 (.191 − .0894))

f
≈ .216

f g ®Z]ST OT \[UP }]PO
Ω ≈ π

2

V OT
S\] WX_U TUWZf \WT WXT SPT SZT]W PQ QRZSWZP] �

ε ≈ .051
f

· Ω
ro·4π ≈ .051

f
.216

f · 1
U
−1

8

V
PR

ε ≈ .0295
U−1 g ��PWT WX\W

επ � Ω
V UP WXZU S\[S_[\WZP] UXP_[^ d T e\[Z^ g�

�T S\] \[UP TUWZf \WT WXT d\[[ jU PRZ`Z]\[ eT[P SZWa Z] WXT RPW\WZ]` QR\f T QRPf
WXT Tn_\WZP]U PQ ZWU f PWZP] � ZWU PRZ`Z]\[ R\^Z_U UXP_[^ dT v0√

ε2+4Ω2
= r0

V UP OT
X\eT

v0 = r0

√
ε2 + 4Ω2 = 2Ωr0

√

1 +
(

ε
2Ω

)2
≈ 2Ωr0

UZ]ST
ε � Ω

g NXTRTQPRT
v0 ≈ 2 · π

2 · .216
f

= 0.68
fU ghW ZU Z]WTRTUWZ]` WP ]PWT Z] WXT d\[[ jU WR\� TSWPRa WX\W TeT] WXP_`X WXT Z]TRWZ\[

SZRS[TU \RT `R\^_\[[a UXRZ]}Z]` PeTR WZf T V WXTa \RT \[[ W\]`T]W WP \ SPffP]
cPZ]W g NXT

e−εt Q\SWPR Z] WXT Tn_\WZP]U QPR x(t)
\]^

y(t)
S\_UTU WXT c\WX WP

TeT]W_\[[a ^TS\a WPO\R^ WXT SP]UW\]W cPZ]W
C
V UP

C
f_UW d T WX ZU SPffP] cPZ]W

PQ W\]`T]SaV d_W WXT Tn_\WZP]U ^P ]PW U_``TUW WX\W WXT d\[[ UXP_[^ RTc T\WT^[a
c\UU WXRP_`X PR PWXTRO ZUT ]T\R WXZU cPZ]W R\WXTR WX\] UcZR\[ \RP_]^ ZW g hW ZU
_]S[T\R OXTWXTR WXZU cXT]PfT]P] ZU RT\[ PR f TRT[a \] Z]WTRTUWZ]` SPZ]SZ^T]ST g

¯ [PWWZ]` WXT akSPPR^Z]\WT PQ WXT d\[[ jU cPUZWZP] PeTR WZf T \U UTT] Z] �Z`_RT ¨
^ZUc [\aU WXZU cPZ]W PQ W\]`T]Sa \W WXT [PS\[ f \bZf \ V \]^ ZW \[UP UXPO U WX\W WXT
R\^ZZ PQ WXT SZRS[TU ^P Z]^TT^ ^TSRT\UT [Z]T\R[a PeTR WZf T g

� Z`_RT ¨ � NXT
y
kSPPR^Z]\WT PQ WXT d\[[ jU c PUZWZP] PeTR WZf T g �PWT WX\W WXT cPZ]W

PQ W\]`T]Sa ZU ]T\R
y = 0.2

g

°



NXT lRUW [P S\[ f \bZf_f PSS_RU \W
t = 392

fUV \]^ WXT lQWX P SS_RU \W
t =

9681
fUV UP \ n_ZS} S\[S_[\WZP] `ZeTU \] \eTR\`T c TRZP^ PQ 9.681

U
−0.392

U
4 ≈ 2.32

U g± ZeT] WX\W WXT RPW\WZ]` QR\f T X\U cTRZP^ \ccRPb Zf \WT[a
4
U V WXZU ZU RP_`X[a ~°²

[P]`TR WX\] WXT TbcTSWT^ cTRZP^ PQ WXT Z]TRWZ\[ SZRS[TU V
2
U g hW ZU c PUUZd[T WX\W WX ZU

TRRPR ZU ^_T WP U[Z`XW Z]\SS_R\SZTU Z] f T\U_RZ]` WXT UW\RW \]^ T]^ PQ T\SX cTRZP^
³ \U UTT] Z] �Z`_RT ª V WXT f \bZf_f y

kSPPR^Z]\WTU Z] WXT d\[[ jU WR\� TSWPRa \RT
\SX ZTeT^ U[Z`XW[a dTQPRT ZW c\UUTU WXRP_`X WXT cPZ]W PQ W\]`T]SaV \]^ WXT ^T[\a
dTWOTT] RT\SXZ]` WXT f \bZf_f

y
kSPPR^Z]\WT \]^ WXZU cPZ]W f \a e\Ra U[Z`XW[a

QRPf P]T cTRZP^ WP WXT ]TbW g
´TUc ZWT WX ZU Uf \[[ ^ZUSRTc\]Sa dTWOTT] WXT TbcTSWT^ \]^ \SW_\[ c TRZP^ PQ

WXT d\[[ V OT UTT WX\W WXT WXTPRa cRTUT]WT^ XTRT fP^T[U WXT \SW_\[ WR\� TSWPRa PQ
WXT d\[[ eTRa \SS_R\WT[ag �a fP^T[Z]` QRZSWZP] \U \ QPRST [Z]T\R[a cRPcPRWZP]\[
WP WXT d\[[ jU eT[P SZWaV OT S\] TUWZf \WT ZWU c TRZP^ PQ RTeP[_WZP] \]^ SPT SZT]W PQ
QRZSWZP] V \]^ WXZU WXTPRa RT^_STU T\UZ[a WP \ UZfc[ZlT^ eTRUZP] OXZSX S\] fP^T[
Z]TRWZ\[ SZRS[TU Z] ]T\R[a QRZSWZP][TUU T]eZRP]f T]WU U_SX \U WXT \WfPUcXTRT g �T
UX\[[ Z]eTUWZ`\WT WXZU \cc[ZS\WZP] Z] WXT QP[[PO Z]` UTSWZP] g

µ ¶GtIyr·sHML JvGv
�Z`_RTU ° \]^ § UXPO O Z]^ fT\U_RTf T]WU \dPeT OTUWTR] i_RPcT \W \ SP]UW\]W
cRTUU_RT PQ °©©fd P] �TdR_\Ra ~° V �©©° V Z]S[_^Z]` S\[S_[\WZP]U PQ dPWX WXT
PeTR\[[ PdUTReT^ O Z]^ \]^ WXT `TPUWRPcXZS O Z]^ g NXT SP]WP_RU f \R} TeTRa
SX\]`T PQ ~©©f Z] WXT \[WZW_^T \W °©©fd g �_RWXTRfPRT V WXT \RRPO U RTcRTUT]WO Z]^ |PO Z]` QRPf WXT d\RdU WP WXT cPZ]W PQ T\SX U_SX \RRPO � WXT d\RdU SP]UZUW
PQ WRZ\]`[TU V [P]` WZS} f \R}U V \]^ UXPRW WZS} f \R}U OXZSX RTcRTUT]W °© f ¸U V ~©
f ¸U V \]^ ° f ¸U V RTUc TSWZeT[aV \]^ f \a dT U_ffT^ WP `TW WXT O Z]^ UcTT^ g�T ]PWT WX\W Z] \ SaS[P]T U_SX \U WXT P]T UXPO] PeTR hW\[aV WXT `R\^ZT]W
O Z]^ Tn_\WZP] UXPO U XPO WXT ST]WRZQ_`\[ QPRST \]^ YPRZP [ZU QPRST d\[\]ST WXT
cRTUU_RT `R\^ZT]W QPRST �

v2
θ

r
+ fvθ = g

∂h

∂rOXTRT
vθ
ZU WXT W\]`T]WZ\[ SPfcP]T]W PQ WXT O Z]^ eT[P SZWaV

f = 2Ω sinφ
ZU WXT

YPRZP[ZU c\R\f TWTR V \]^
h
ZU WXT XTZ`XW \W WXT SXPUT] [TeT[ PQ SP]UW\]W cRTUU_RT g

NXZU Tn_\WZP] \cc[ZTU OXT] WXT ¹PUUda ]_fdTR
R0

ZU PQ PR^TR _] ZWaV f T\]Z]`
WX\W WXT R\WZP v2/r

fv = v
fr

PQ WXT ST]WRZQ_`\[ \]^ YPRZP[ZU QPRSTU ZU \ccRPb Zf \WT[a
P]T g

®Z]ST WXT ^\W\ ^TUSRZd TU U_SX XZ`X \[WZW_^TU WX\W QRZSWZP] ZU ]T`[Z` Zd [T V ZW ZU
]PW U_RcRZUZ]` WX\W WXT PdUTReT^ \]^ `TPUWRPcXZS O Z]^ lT[^U \RT \[f PUW Z^T]WZS\[
Z] f\]a c[\STU g NXT O Z]^ ZU \[fPUW T]WZRT[a `TPUWRPcXZS V QPR Z]UW\]ST V PeTR
�R\]ST V OXTRT WXTRT ZU eTRa [ZWW[T S_Re\W_RT Z] WXT [Z]TU PQ SP]UW\]W \[WZW_^T V \]^
Z]^TT^ PeTR WXT ST]WTR PQ WXT SP_]WRa OT S\] TUWZf \WT WXT ¹PUUda ]_fdTR WP dT
R0 =

vg

v −1 ≈ 30
f ¸U

30
f ¸U −1 = 0

g h] WXT SaS[P]T ST]WTRT^ PeTR hW\[aV WXP_`X V OXTRT
WXT `TPUWRPcXZS O Z]^ ZU

vg ≈ 45
fU \]^ WXT PdUTReT^ O Z]^ ZU

v ≈ 25m
s

V OT X\eT

§



R0 = 0.8
� WX ZU ZU PQ PR^TR _]ZWaV U_``TUWZ]` \ d\[\]ST d TWOTT] WXT ST]WRZQ_`\[

QPRST Z]eP[eT^ \]^ WXT YPRZP [ZU QPRST g h]^TT^ V WXT YPRZP[ZU QPRST \SWU WP ^T|TSW
O Z]^ P_WO\R^ V PR \O\a QRPf WXT ST]WTR PQ WXT SaS[P]T V OXTRT\U ST]WRZQ_`\[ QPRST
c_[[U ZW d\S} Z] g

� Z`_RT ° � ºdUTReT^ O Z]^ PeTR i_RPcT \W °©©fd g
�T S\] eTRZQa WX\W WXT `R\^ZT]W O Z]^ Tn_\WZP] V v2

θ

r + fvθ = g ∂h
∂r

V UXPO U WXT
^TUZRT^ d\[\]ST Z] WXZU S\UT g YP]UZ^TR WXT O Z]^ ]T\R » \^RZ^ V ®c\Z] V OXZSX ZU
f PeZ]` WPO\R^ WXT UP_WX \W \ UcTT^ PQ

vθ ≈ 40
fU g �T TUWZf \WT WXT [\WZW_^T

φ
WP d T ¨ ~ ^T`RTTU V UP WXT YPRZP[ZU c\R\f TWTR

f = 2Ω sinφ = 2·2π·sin(41)
86400

U =
9.54 · 10−5U−1 g �_RWXTRfPRT V WXT ^ZUW\]ST r

WP WXT ST]WTR PQ WXT SaS[P]T ]PRWX
PQ ®ZSZ[a ZU \dP_W ~�°© }f V UP

r = 1.25 · 106
fU V \]^ WXT XTZ`XW SP]WP_RU ]T\RWX ZU cPZ]W ^RPc da

∆h = 300
f PeTR \ ^ZUW\]ST PQ \dP_W

∆r = 625
}f V UP OT

\ccRPb Zf \WT ∂h
∂r = ∆h

∆r = 4.80 · 10−4 g�Z}TO ZUT V WXT PdUTReT^ O Z]^ P]T ^\W\ cPZ]W ]PRWX PQ WXT ]PRWXTR]fPUW WZc PQ
®SPW[\]^ V \W \ [\WZW_^T PQ § ~ ^T`RTTU V X\U \ Uc TT^ PQ

vθ ≈ 35
fU g hWU ^ZUW\]ST r

WP
WXT ST]WTR PQ WXT \]WZSaS[P]T PeTR WXT ]PRWXTR] {W[\]WZS ºST\] ZU \ccRPb Zf \WT[a
~§�© }f V \]^ OT TUWZf \WT WX\W WXT SX\]`T Z] XTZ`XW ZU SP]WP_RU d TWOTT] WXTUT
cPZ]WU ZU \`\Z] ~©© f PeTR \ ^ZUW\]ST PQ \dP_W ª©© }f V UP ∂h

∂r ≈ 3.33 · 10−4 g

¼



YaS[P]T �®c\Z] � {]WZSaS[P]T �]PRWX {W[\]WZS�
fvθ 3.82 · 10−3

fU
2 4.45 · 10−3

fU
2

v2

θ

r 1.28 · 10−3
fU
2 7.56 · 10−4

fU
2

g ∂h
∂r 4.71 · 10−3

fU
2 3.27 · 10−3

fU
2

N\d[T ~� NXT YPRZP [ZU V ST]WRZQ_`\[ V \]^ cRTUU_RT `R\^ZT]W QPRSTU S\[S_[\WT^ QPR
Z]^ZeZ^_\[ cPZ]WU Z] WXT SaS[P]T \]^ \]WZSaS[P]T PQ l`_RTU ° \]^ § g

�PR WXT cPZ]W Z] WXT SaS[P]T V WXT [TQW X\]^ UZ^T PQ WXT Tn_\WZP] �Z gT g WXT
U_f PQ WXT YPRZP[ZU \]^ ST]WRZQ_`\[ QPRSTU� ZU

5.10 · 10−3
fU
2

g NXZU TbSTT^U WXT
S\[S_[\WT^ cRTUU_RT `R\^ZT]W QPRST da [TUU WX\] ~© cTRST]W V OXZSX ZU \dP_W \U
f_SX \SS_R\Sa \U OT S\] TbcTSW `ZeT] WXT ZfcRTSZUT TUWZf \WTU PQ ^ZUW\]ST \]^
O Z]^ UcTT^ � WX_U OT SP]S[_^T WX\W WXT ST]WRZQ_`\[ \]^ YPRZP[ZU QPRSTU ^P Z]^TT^
d\[\]ST WXT cRTUU_RT `R\^ZT]W QPRST XTRT g h] Q\SW V WXT [TQW X\]^ UZ^T \ccT\RU WP
d T WXT fPRT \SS_R\WT PQ WXT WOP V UZ]ST WXT `TPUWRPcXZS O Z]^ ZU `ZeT] \U

50
fU Z]

�Z`_RT § g
h] WXT \]WZSaS[P]T V OT ]PWT WX\W WXT YPRZP [ZU QPRST ZU PRZT]WT^ WPO\R^ WXT

ST]WTR PQ WXT UaUWTf OXZ[T dPWX WXT cRTUU_RT `R\^ZT]W \]^ ST]WRZQ_`\[ QPRSTU
PccPUT ZW V UP OT UXP_[^ \SW_\[[a X\eT

fvθ =
v2

θ

r + g ∂h
∂r

g h] Q\SW V WXT RZ`XW X\]^
UZ^T ZU \ccRPb Zf \WT[a

4.03 · 10−3
fU
2

V OXZSX ZU [TUU WX\] ~© cTRST]W d T[PO WXT
S\[S_[\WT^ YPRZP[ZU QPRST � WXTRTQPRT WXT QPRSTU \RT Z] d\[\]ST \U TbcTSWT^ g

hQ OT Z]UWT\^ SP]UZ^TR WXT O Z]^ \W f_SX [POTR \[WZW_^TU V U_SX \U WXPUT SPRRTk
UcP]^Z]` WP ~©©©fd ]T\R WXT i\RWX jU U_RQ\ST V OT O Z[[ UTT WX\W QRZSWZP] X\U \ UZ`k]ZlS\]W TzTSW P] WXT YPRZP[ZU QPRST \]^ WX_U Z]WRP^_STU \ UZ`] ZlS\]W \`TPUWRPcXZS
SPfcP]T]W WP WXT O Z]^ g NXT RT\UP] QPR WX ZU ZU WX\W QRZSWZP] dTWOTT] WXT \ZR f \UU
\]^ WXT `RP_]^ U[PO U RPW\WZP] PQ WXT \ZR f \UU g NXT YPRZP[ZU QPRST \]^ WXT ST]k
WRZQ_`\[ QPRST V d PWX PQ OXZSX UXP_[^ c_UX WXT O Z]^ \O\a QRPf WXT ST]WTR PQ \
SaS[P]T V \RT cRPcPRWZP]\[ WP WXT eT[PSZWa \]^ WXT Un_\RT PQ WXT eT[P SZWa PQ WXT
O Z]^ \RP_]^ WXT ST]WTR V RTUc TSWZeT[ag �PWX PQ WXTUT QPRSTU V TUc TSZ\[[a WXT YPRZP[ZU
QPRST UZ]ST

R0 ≈ 1
Z] \ SaS[P]T V \RT ]TSTUU\Ra WP d\[\]ST WXT cRTUU_RT `R\^ZT]W

QPRST V XPOTeTR g NXTRTQPRT OXT] WXTUT QPRSTU \RT OT\}T]T^ WXT cRTUU_RT `R\^ZT]W
QPRST \^^U \ UZ`]ZlS\]W \`TPUWRPcXZS SPfcP]T]W WP WXT O Z]^ cPZ]WZ]` ^PO] WXT
cRTUU_RT `R\^ZT]W g NXT O Z]^ Z] �Z`_RT ¼ Z[[_UWR\WTU WXZU cPZ]W da Uc ZR\[Z]` Z]O\R^
WPO\R^ WXT ST]WTR PQ WXT UaUWTf V UZ]ST ZW ZU |PO Z]` ^PO] WXT cRTUU_RT `R\^ZT]W
WP WXT [POkcRTUU_RT ST]WTR PQ WXT SaS[P]T g

NXT PdUTReT^ O Z]^ Z] WXT ST]WTR PQ � Z`_RT ¼ |PO U T\UWO\R^ \SRPUU WXT eZUZd [T
SP]WP_RU V WPO\R^ WXT SaS[P]T V TeT] WXP_`X WXT `TPUWRPcXZS O Z]^ UXP_[^ |PO
\[P]` WXPUT U\f T SP]WP_RU g ®Z]ST WXT cRTUU_RT `R\^ZT]W ZU UWRP]`TR WX\] dPWX
PQ WXT `TPUWRPcXZS QPRSTU PccPUZ]` ZW V WXTRT ZU \ ]TW fPeTf T]W PQ \ZR Z]WP WXT
SaS[P]T \W [PO \[WZW_^TU g { U WXT \ZR SP[_f] ZU c_UXT^ _cO\R^ da WXZU |PO V
WXT cRTUU_RT `R\^ZT]W S\_UTU ZW WP fPeT P_WO\R^ \W XZ`X \[WZW_^TU _]WZ[ ZW ZU Q\R
T]P_`X \O\a WP Q\[[ d\S} ^PO] \]^ SP]WZ]_T SaS[Z]` Z] WXZU f \]]TR g

¬



�Z`_RT § � ±TPUWRPcXZS O Z]^ PeTR i_RPcT \W °©©fd g

�Z`_RT ¼ � ºdUTReT^ O Z]^ PeTR Y\]\^\ \W ~©©©fd g
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hQ WXT UaUWTf Z] n_TUWZP] OTRT \SW_\[[a \ [POk\[WZW_^T \]WZSaS[P]T V WXT] WXT
YPRZP[ZU QPRST OP_[^ dT ^ZRTSWT^ Z]O\R^ V UP ZW OP_[^ d T TbcTSWT^ WP d\[\]ST dPWX
ST]WRZQ_`\[ QPRST \]^ WXT cRTUU_RT `R\^ZT]W QPRST g NXT O Z]^ OP_[^ WXT] |PO \O\a
QRPf WXT SaS[P]T V UZ]ST \W [PO \[WZW_^TU QRZSWZP] OP_[^ OT\}T] WXZU Z]O\R^ QPRST
\]^ WX_U c_UX \ZR P_WO\R^ g NXTRTQPRT WXT U\f T TzTSW Z] \] \]WZSaS[P]T OP_[^
cRP^_ST O Z]^ UcZR\[Z]` \O\a QRPf WXT ST]WTR V R\WXTR WX\] WPO\R^ ZW \U Z] WXT
SaS[P]ZS S\UT g

½ xItrvHMF¾ sqr sHMt sFGvw vFJ vGtIyr·sHML JvGv
NXT TbcTRZf T]W\[ ^\W\ cRPeZ^TU \ UZfc[T ^TfP]UWR\WZP] PQ WXT YPRZP[ZU TzTSW
Z] \ RPW\WZ]` QR\f T �]\f T[aV \ c\R\dP[ZS W\d[T� g h] \ QRZSWZP][TUU T]eZRP]f T]W V
SPfc\R\d[T WP WXT \WfPUcXTRT \W °©©fd V \ cTRW_RdT^ f \UU OP_[^ \ccT\R WP
RPW\WT Z]^Tl]ZWT[a Z] \ S[P S}O ZUT SZRS_[\R PRd ZW RT[\WZeT WP WXT RPW\WZ]` QR\f T g
NXT d\[[ d T\RZ]` _UT^ WP SP[[TSW WXZU ^\W\ O\U ]PW QRZSWZP][TUU V XPOTeTR V UP WXT
RTU_[W ZU WX\W WXT SZRS[TU UXRZ]} [Z]T\R[a \U WXT d\[[ UcZR\[U Z]O\R^ g NXZU S\] dT
cRTSZUT[a fP^T[T^ O ZWX WXT \UU_fcWZP] WX\W QR\SWZP] ZU cRPcPRWZP]\[ WP eT[P SZWaV
\]^ \U U_SX WXT QRZSWZP] S\] TeT] dT cRTSZUT[a f T\U_RT^ g

h] WXT [POTR RT`ZP]U PQ WXT \WfPUcXTRT V QRZSWZP] X\U \ UZf Z[\R TzTSW P] WXT
YPRZP[ZU QPRST V S\_UZ]` O Z]^ WP |PO Z]O\R^ Z] SaS[P]TU g { ZR S\]]PW UcZR\[ Z]O\R^
_]PdUWR_SWT^ V UZ]ST ZW f_UW ^ZUc [\ST WXT \ZR f \UU \[RT\^a Z] WXT ST]WTR V UP WX ZU
TzTSW S\_UTU RZUZ]` \ZR \]^ XT]ST \ RT`ZP] PQ [PO cRTUU_RT Z] WXT ST]WTR PQ WXT
UcZR\[ c\WX g NXTRTQPRT \ cRP]P_]ST^ cRTUU_RT `R\^ZT]W Tb ZUWU V \]^ UP WXT YPRZP[ZU
QPRST \]^ PccPUZ]` ^R\` QPRST �Z gT g QRZSWZP] � \RT ]PW WXT P][a QPRSTU \SWZ]` P] WXT
f \UU PQ \ZR g ®Z]ST O Z]^ ZU U_d� TSW WP f\]a PWXTR Z]|_T]WZ\[ QPRSTU V OT S\]]PW
UW\WT \]a PQ ZWU cRPc TRWZTU UP S[T\R[ag

NXZU ZU P]T PQ WXT fPUW UWRZ} Z]` ^ZzTRT]STU d TWOTT] WXT TbcTRZf T]W\[ ^\W\
\]^ WXT \WfPUcXTRZS ^\W\ � NXT TbcTRZf T]W ZU SP]UWR_SWT^ Z] U_SX \ O\a WX\WQPRSTU U_SX \U \ `R\eZWa \RT Z]WT]WZP]\[[a T[Zf Z]\WT^ V d_W Z] WXT RT\[ OPR[^ V OXTRT
WXT f \UU Z] n_TUWZP] \SWU \U \ |_Z^ V `R\eZWa ZU \ ]TSTUU\Ra Z]|_T]ST Z] WXT QPRf PQ
\ cRTUU_RT `R\^ZT]W QPRST g hW ZU WXTRTQPRT f_SX X\R^TR WP ZUP[\WT WXT YPRZP[ZU QPRST
Z] cR\SWZST V TeT] WXP_`X ZW S\] dT WXTPRTWZS\[[a S\[S_[\WT^ \]^ WXT] PdUTReT^ Z]
ZWU ]PWZST\d[T TzTSW �PQWT] SP_c[T^ O ZWX QRZSWZP] � P] SaS[P]TU \]^ \]WZSaS[P]TU Z]
WXT \WfPUcXTRT g NXT TbcTRZf T]W UTReTU \U \] Z^T\[ O\a WP UW_^a ZWU WXTPRTWZS\[
cRPc TRWZTU UP WX\W ZW f \a dT cR\SWZS\[[a PdUTReT^ Z] RT\[ OPR[^ ^\W\ g

¿ xIFLwKyMIF
NXT YPRZP [ZU QPRST S\_UTU fPeZ]` dP^ZTU Z] \ RPW\WZ]` QR\f T PQ RTQTRT]ST WP \^PcW
\ SZRS_ [\R c\WX da ^T|TSWZ]` WXTf \W RZ`XW \]`[TU WP WXTZR S_RRT]W fPWZP] \]^
S\_UZ]` \] \]`_[\R eT[P SZWa WO ZST WX\W PQ WXTZR RTQTRT]ST QR\f T g h] WXT i\RWX jU
\WfPUcXTRT V WXZU QPRST PQ ^T|TSWZP] SP_]WTRd\[\]STU WXT cRTUU_RT `R\^ZT]W QPRST
\]^ WX_U PQWT] S\_UTU WXT O Z]^ WP fPeT Z] S_ReT^ c\WXU RTUTfd[Z]` SZRS_[\R \RSU g
À_UW \U \ d\[[ RP [[Z]` \[P]` \ RPW\WZ]` W\d[T ZU U[POT^ da QRZSWZP] V XPOTeTR V WXT TQk

~©



QTSW PQ QRZSWZP] P] RPW\WZ]` f \UUTU PQ \ZR \W [PO \[WZW_^TU ZU WP OT\}T] WXT YPRZP[ZU
QPRST \]^ WX_U _cUTW WXZU d\[\]ST g NXT YPRZP[ZU QPRST ZU WXTRTQPRT RTUcP]UZd[T ]PW
� _UW QPR SZRS_[\R O Z]^ c\WWTR]U Z] WXT \WfPUcXTRT d_W QPR WXT UcZR\[[Z]` fPWZP]
PQ f \UUTU U_SX \U O Z]^ Z]WP PR \O\a QRPf SaS[P]TU \]^ \]WZSaS[P]TU V \]^ WX_U
WXT SRT\WZP] PQ [PO \]^ XZ`X cRTUU_RT UaUWTf U \]^ Z]WTRTUWZ]` O Z]^ cXT]Pf T]\
O ZWXZ] T\SX PQ WXTUT UaUWTf U g

Á sÂsHsFLsy
Ã~Ä » \RUX\[[ V ÀPX] g Åh]TRWZ\[ SZRS[TU k eZU_\[ZmZ]` WXT YPRZP[ZU QPRST � ±�´ Æh gÇ
Ã�Ä » \RUX\[[ V ÀPX] \]^ { [\] ¯ [_fd g ÅYX\cWTR § � NXT Tn_\WZP]U PQ |_ Z^ fPWZP] gÇ

{e\Z[\d[T \W XWWc �¸¸OOOkc\P S gf ZW gT^_¸[\dOTd¸]PWTU¸]PWTUÈ©ª gXWf g

~~


